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Motivation and background

An observation is the outcome of
two random processes:

o The population realization:
variables are generated for each
element of a population U of
size N.

o The selection mechanism : a
sample is drawn from U.

The observation usually consists of
the values of the study variables for
each element in the sample.
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Motivation and background q A q
Informative selection mechanism

Sample distribution

Define:
o (Y7,...,Yy): study variable,
o (Zy,...,Zy): design variables,
o II: design measure and symmetric function of (Z1,...,Zn),
o (Ji,...,Jn): sample (vector of NV),
P2 _.s.(p,y, 2), pJil=p.2=2Y=y _ ,
o m = Il ({Jx = 1}): inclusion probability,

o n =,y Jr: sample size,
Assume:

o limy_o N71n > 0.
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Motivation and background 5 . a
Informative selection mechanism

Sample distribution

Definition

The weight function is:
pry— lm B[V = y] /B[]

Denote (£) the ¢th drawn element.

Does PY@)iz1 ~ (,0. pY1)®n?
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o Observations behave like iid p. f

A

7

Population cdf, f, p.f and
empirical sample sample kernel
cdf and density estimator

sample cdf



Motivation and background 5 . a
Informative selection mechanism

Sample distribution

Results:
Under asymptotic independance of draws in the one-dimensinal
case:

o the empirical sample cdf converges to a — (p. PY)((—0, a])
(Bonnéry, Breidt and Coquet, 2011)

o a kernel density estimator (kde) of the pdf converges to

dpY
P=an
Goal:

o Parametric estimation.
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Maximum pseudo-likelihood estimator
Simulations

Inference on a parametric model

Inference on population model
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Maximum pseudo-likelihood estimator

Inference on a parametric model k A
Simulations

Consider the population model

e (Yk)ke{l,...,N} ~ (f9~>\)®N:
© (Y, Zk)geq1,.. ny are iid realizations,

o PZrYk is parametrized by ¢ € =

The target of the inference is 6.

Definition

pog+y > Hm Eoe [Je[Vi = y]/Ege [J]-
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Maximum pseudo-likelihood estimator

Inference on a parametric model k A
Simulations

Following Pfeffermann and Krieger (1992) we define:

é(f)—argmax{Eln pggfg( ))}

0e® /=1

Assume A0. Let

o ¢ be a consistent estimator of ¢,

@ Z((¥i0)ieps..y 0€) = 0t i I (one) (¥ 0:)

Definition

The maximum pseudo-likelihood estimator associated to & is:

0 = ar%ergax {-:27((1”@))[6{1,...,71} ’9’£>} ’
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Inference on a parametric model

Define
m(y

)
m' (Y1, y2)

v(y)
c(y1,92)
d(y1,92)
Y*
BT

12

Maximum pseudo-likelihood estimator
Simulations

= E[A|Y1 =y]

= E[JY1=1y,Y2 = y9]

= Var[/1|Y1 = y]

= Cov [J1, 2|Y1 = y1,Y2 = o]

= m'(y1,y2)m' (y2,y1) — m(y1)m(y2)

~  poefo-A
2
- Ee,g[(w 0r.6.9)) ]

= Ep¢ H(; n (poe fo) i_ (Pogfe)) (Y*=97§)H
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Maximum pseudo-likelihood estimator

Inference on a parametric model k A
Simulations

o Standard conditions on py¢ f,
o asymptotic independance of draws:

vge{]l,(aln(gggfe)( 9 f)) (51n(p9§f9)( 9 g)aln(pogfo)( 9 {))}

° Ege[lg (Y1) g (Ya)| 0.6 (Y1,Y2)] = onson(1),
° Eoe [[Ig( 1) 9 (Y2)|6,0.¢ (Y1,Y2)] = on—oo(1),

o Eoe [ (02(voe +m3 ) (V2)] = o(N).
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Maximum pseudo-likelihood estimator

Inference on a parametric model k A
Simulations

(Theorem

Suppose

. [Q—%z) (COV - ’“)] Lafom= ™ 22))

£—¢ 222
Then X
NG (9 _ e) Jo Zs ¥ (0,1),
with
DY
o2 = =1 /12 (Y22 212 — 2X12) .

/11 /11
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Maximum pseudo-likelihood estimator

Inference on a parametric model e A
Simulations

Consider:
Zy
o Y~ A (0.1,Idy), o
0 e~ AN(0,Idy), € and Y are
independent,
o Z =&Y+ ne, nknown,
o N =5000,
o =07 S2=03,
o M=1/70, 12 =4/30.
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Maximum pseudo-likelihood estimator
Simulations

Inference on a parametric model
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N Maximum pseudo-likelihood estimator
Inference on a parametric model e A
Simulations

Let
ot = 11HlN—>oo =0.7 Figure: Plot of p for 6 = 1.5,
OC:¢7(1) €:2vne{1a1710}

T = 1/70, T2 = 4/30
° py) =

P (E < C\/52+7n127+£(9y)> 27

Poo0.¢(Y)

We get:

m1p(y) + 12(1 — p(y)) —

pg’é(y) - T1t1 + 7'2(1 — tl)
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Maximum pseudo-likelihood estimator
Simulations

Inference on a parametric model
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Maximum pseudo-likelihood estimator

Inference on a parametric model e A
Simulations

To estimate &, we use

21 Zw Y/ T
2 Y /T

é=

Compare 0 to
) X N In(fe(Yi)J,
0o 0=>7, % = arg maxgeg {Zk:1 %};ﬁ)k} }

0o f=n"t 225{1,...,n} Y(g).
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Inference on a parametric model

Maximum pseudo-likelihood estimator
Simulations

Table: Calculus of mean and mean square error on 1000 simulations

06 €& o Mean].] MSE[.] Ml\él;](«:é) % lim~ 0 ny Var [.]
1.5 2 0186 1.502 7.643 1074 1 6.962 10—4
6|15 4.811 1073 2.509 4.523 1073
6 | 2.329 6.887 1071 30.02 3.979 1073
15 2 1 |6]|15 1.975 1073 1 2.975 10~3
6 | 1.501 5.583 1073 1.681 6.024 10~3
0 | 2.241 5.509 10~ 16.7 3.971 1073
1.5 2 10 | 6 | 1.497 5.501 1073 1 2.943 103
61|15 1.030 1072 1.368 1.030 102
0 | 1.662 2.999 1072 2.335 4.027 1073
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Summary:
o Definition of sample pdf and limit sample pdf, applicable to
with or without replacement and fixed or random size samples,
o Simple and verifiable conditions on the sequence of sample
schemes,
o Pertinence: The sample behaves like an independent sample
(Uniform cdf convergence),

o The limit sample pdf can be used for inference (Convergence
of the maximum pseudo likelihood estimator),
o Asymptotic normality under stratified sampling and fixed
number of strata.
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Thank you for your attention.

D. Bonnéry - Crest (Ensai) 7e colloque francophone sur les sondages 23/23



	Motivation and background
	Inference on a parametric model

